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ON THE EXTREMAL FUNDAMENTAL FREQUENCIES
OF VIBRATING BEAMSt

R. M. BRACH

Department of Engineering Science, University of Notre Dame. Notre Dame. Indiana 46556

Abstract-Bernoulli-Euler Beams with variable cross section are optimized with respect to their fundamental
frequencv of transverse oscillation. The cross section is allowed to varv in a manner such that the second area
moment is linearly related to the area. Using calculus of variations. the f~ndamental frequency is made stationary.
The closed-form solution is found for all sets of homogeneous boundary conditions. In most cases. the resulting
beam is uniform. however. the frequency in some cases is a minimum. others a maximum. For cantilever and
free-free beams no maximum fundamental frequency exists for this type of cross section variation.

1. INTRODlJCTION

THERE has been much effort recently in the area of the optimum design of vibrating elastic
elements. Niordson [IJ has shown that for simply supported beams with similar cross
sections, the fundamental frequency of transverse vibration can be maximized by tapering
the beam. The maximum value is about 6·6 ~'o larger than the corresponding uniform beam.
In [2]. Brach considers the minimum transient response of beams. Starting with the Action
Integral. Taylor [3J has developed the Euler equations for a sandwich cantilever beam
whose solution furnishes the stationary value of the fundamental frequency. He gives the
solution when the structural mass is very small compared to a distribution dead (non
structural) mass. Also in [3J as well as Turner [4]. the maximum fundamental frequency of
an elastic bar vibrating axially is considered.

In all of the previous work concerning transverse vibration, the second area moment is
assumed to be proportional to either the first, second, or third power of the area (or mass).
This excludes many practical sections such as I-beams and hollow sections. In this paper
a linear relationship is used; this is discussed in Section 2. The extremal values of the funda
mental frequency are found using variational calculus techniques. The closed-form solution
of the resulting Euler equations is found for all types of homogeneous boundary conditions.
The solution reveals that the extremal frequencies in some cases are minima. sometimes
maxima and in some cases neither. Bernoulli-Euler beam theory is used.

2. CROSS SECfIONAL GEOMETRY

From classical vibration theory a linear elastic beam can vibrate harmonically in
anyone (or linear combination) of an infinite number of characteristic shapes, Wn . The
characteristic equation is

n = 1,2, ... (1)
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where

A = cross sectional area, E = modulus of elasticity, I = second area moment,
L = length of the beam. W = transverse deflection. ( = coordinate along the beam.
o :s; .; :s; L, p = density of the beam material, and W n = eigenvalue.

It is not too difficult to show that if a rectangular cross section has a fixed width and variable
height, the second area moment is proportional to the cube of the area. If the height and
width vary with constant ratio, the second area moment is proportional to the square of
the area. Finally if only the width varies, the proportion is linear. That is J(~) = cpA(¢(
where Cp is a constant implicitly depending upon p and p = 1,2, or 3. If the cross section IS

not simply rectangular but does have a constant height the relationship is no longer pro
portional but does remain linear.

Let x = ~/L and ,::xix) = LA(x)/V In terms of these quantities, the Imear area-area
moment relationships are::x(x) = Po +pix) and I(xj = C/o + cP(x}. The expression for x
includes a fixed area, Po, plus a variable portion, Pix). The quantity Cl'o is the second area
moment corresponding to the fixed area Po: cP(x) is the second area moment corresponding
to the variable area Pix). Also, c is a constant. Some typical examples are shown in Table l.

TABLE I, EXAMPLE CROSS SECTIONS

area. :x = f3 + {Jo; second area moment. I = C~'o + c{J

,8 = 2bc/V
Po = whiV

C = (4co +3h1 WI2
";'0 = wh o'12

'io < fJo

~

OJ
/3 = bhl Y

130 = 0
,'=Vho'12

r'/) = 0
;'<) = /J o

fJ = hil/V
60 = (",h - 1'.': h, I. r'

(' = [111
1

..'12
c~'o = Iwh} - 1'.', II?I ~ .' 12

·,'0 :> IiI)

Note: lal For all cross sections shown the quantity b IS permitted to vary along the span. other dimensions are
constant: fixed area is cross hatched.

Ib) The quantity V is the total volume of the beam; the length L is unity.

Both fO and Po are positive since they are area moment and area respectively: the examples
show that their ratio can be less than, eq ual to, or greater than one.

Using these relationships and the nondimensional quantities defined above, (1) can be
written as

[(f1+'·o)W:r-v;(f3+f3())H~=O. n= 1.2..

where v; = w;(pVLJEc).
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3. VARIATIONAL EQUATIONS

The problem to be solved here is to determine the extremal values of vi , the nondimen
sional fundamental natural frequency where vi > O. If (2) is multiplied by WI and integrated
over the range 0 to I, an expression for vi is obtained. This is

n[(p+YO)W~rWl dx

fb(P +Po) wi dx

fMP + }'OHW'{)2 dx

n(p +130) Wi dx .
(3)

The second numerator is obtained if the first is integrated twice by parts and the following
boundary conditions are used:

and

at x = 0 and

at x = 0 and 1.

(4)

(5)

(6)

All further results are for boundary conditions (4). In (3), vi is a functional in the form of a
quotient of two nonnegative integrals. The following method of deriving the necessary
conditions for an extremal of vi differs in technique from Niordson's method [1]. The
following procedure is followed since it permits the introduction of multiple constraints in a
more straight forward manner. It has been shown [5J that the stationary values of (3)
correspond to the stationary values of a functional J. where

J = f UP+YoHW")2- v2(P+Po)W2]dx.

In (5) ,,2 is the stationary value of vi and the subscript has been omitted from WI .
In order to make the solutions (extremal values of the frequency) practical, it is necessary

to add constraints to the problem. It is necessary to require that P~ 0 since by definition.
area must be positive. Actually, let P~ C I ~ 0 where C 1 is an arbitrary constant. In addi
tion, the amount of material in the beam is restricted to be finite: this leads to P :5: C2 :

C2 > CI' In this case the constant C2 can be evaluated by the integral

f (P+Poldx = 1.

This requires that the integral of the total area over the beam must equal the volume. V.
where V is finite. These constraints will be enforced using the method of Lagrange multi
pliers. To transform them to equality constraints. two real variables u(x) and v(x) are
defined such that

and (7)

(Both constraints could be combined and treated with a single Lagrange multiplier [6J
but the above approach yields slightly simpler expressions.)

At this point the problem is to find the stationary values of J subject to the constraints
(7). The first variation of an augmented functional. J*, with respect to each of the variables
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p, IV, u, and v is set to zero, to form the necessary conditions. The functional is

• I

J* = J+\,2j [Au(p-Cl-u21+;.,,(C2-p-r2Ijdx.
.10

where ;'u and i. t, are Lagrange multipliers. Since {J(x) and W(x) are not independent (they
are related through the characteristic equation, (2)1, the variation with respect to these
two variables must be simultaneous. This yields the first Euler equation:

\
'I[~F ~F of ~j• L, ( • If ('. • " •

()j* =.'1 (~/3-(~W"()W +?W()W+Il'.u- J.,.JN3 dx = 0

where F is the integrand of (5). Note that

f [cl;"JW" +;~~JW]dx = { [d~:2 (l(:~") + ~O~}W dx.

This follows by twice integrating the first term by parts and applying the boundary condi
tions (4). It is required that the admissible functions satisfy the boundary conditions.
Further note that

By (2) this integrand is zero. This shows that the variation of J* with respect to W to
identically zero and thus can be disregarded. This was also found by Niordson [IJ and
Taylor [3]. As a result (8) reduces to

. * J' [cF ,. . J'()J = -::-. + v-(,{u - J.,,) 0/3 dx = O.
tl3

Since this must be true for arbitrary variations, JfJ, of /3, the integrand must be zero. ThiS
gives the first Euler equation:

This has the same form as equation (20) in [3]. The independent variations with respect
to u and v furnish the remaining two Euler equations, respectively:

"-,.L' = 0

110)

Ii i I

Assuming that stationary values exist. (9), (10), and (11) are the necessary conditions. They
must be solved along with the characteristics equation (2), the boundary conditions (4)

and the constraints (7).

4. SOLUTION

Before obtaining the solution. an expression can be found which furnishes some
information concerning the Lagrange multipliers. Multiplication of (9) hy (p + ;'n) and
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integration (the first term again integrated by parts I leads to the relationship

.. R) J~W2 dx
I·u-I., = (}'o-po fl(R' , )d'

o pT}O .X

Thus when "0 = f30 the first necessary condition. (9), reduces to

(W")2_\,2W2 = (W"+vW)(W"-vW) = 0

This is used in the sequel.
The following possibilities can occur:

Case I: I.u ¥- 0 and I.,. ¥- 0
Case II: I.u =1= 0 and I., = 0
Case III: I.u = 0 and I., =1= 0, or
Case IV: I. u = 0 and I.,. = 0 or I.u - I.r = O.
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(12)

(9a)

(3a)

The first case yields an unrealistic solution since this requires that both constraints in (7)

be zero simultaneously. Thus, in turn, means that f3 = C I and f3 = C2 with C2 > C I'

Clearly this cannot be a solution.

Case II. Since I. u =1= 0, the necessary condition (10) implies that u = O. From (7) it is seen
that f3 = C I' From (3), this indicates the extremal value of \'2 is

2 C I +Yo SMW")2 dx
\' = --- -=----=---

C 1 +f30 fbW 2 dx
Consider now case III.
Case III. Here ;., =1= O. From reasoning similar to the above, the extremal frequency is
given by

, C.2+Yo fb(W").2 dx
v~ =--- '-=----=---

C2 + f30 J6 W.2 dx

Before discussing (3a) and (3b) consider the quotient

fMW")2 dx

gW.2dx·

(3b)

(13)

For any given set of boundary conditions, this expression is a dimensionless number
independent of the total area (and thus independent of C I or C2) [7]. Therefore the extremal
behavior depends only algebraically upon the quotient f(C*), where

f C* - C* +}'o C* C C
( ) - C* + 130 • = I , 2 .

Figure 1 showsf(C*) for Yo < 130' It is clear that (3a) is a minimum and (3b) is a maximum.
On the other hand when Yo > 130, Fig. 2 indicates that (3a) is a maximum while (3b) is a
minimum. Recall that C I ~ 0; thus C I = 0 is an absolute minimum (or maximum depend
ing on the relative magnitudes of Yo and (30)'

These results can be restated in the following way. The area f3 which yields a stationary
frequency is a constant. When }'o < 130. /3 = C2 gives a maximum; 13 = C I gives a mini
mum. When }'o > f30. 13 = C2 gives a minimum, and /3 = C I gives a maximum. When
}'o = /30. the solution is treated separately as follows.
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FIG. I. Fundamental frequency. /0 < 11 0 ,
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FIG. 2. Fundamental frequency. Yo > 110'

Case IV. When (0 = 130. Au - i." = 0 and the Euler equatIOns reduce to (9a). This equation
is the product of two linear equations,

W"±vW= O. 1141

one equation for each sign. Using (14), W" may be eliminated from the charactenstic
equation (2). This gives

[(Ii + ioJ Wr ± v(f3 + 130) W = o.
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If the derivative in the first term is expanded and (141 is used again, the result is

({3+i'o)"W+2({3+,'o)'W' = {3"W+2{3'lt" = O.

The second form occurs since )'0 is a constant. The first integral of this equation is simply

(15)

where a is a constant. The value of a can be found using boundary conditions (4). Using
(14) they can be put into the form

±\'Ufj+,'olW][W'] = 0 at x = 0 and I

and (16)

±\'[({3+i'0IlV]'[H1 = 0 at x = 0 and 1.

The latter can be written WW + ({3 + i'o) W'] W = 0, where the factor ±\' has been dropped.
The two boundary conditions combined required that {3'W2 = 0 at x = 0 and x = 1.
Thus a = O. Since W(x) = 0 is considered a trivial solution. {3' must be zero. This. in turn,
shows that {3 = constant gives a stationary value to the frequency \.2.

The value of {3 can be determined from (3). Since {3 is a constant, (3) shows that when the
extremal exists, {3 = 1- {3o.

At this point a comment must be made concerning the boundary conditions arising
from cantilever and free-free beams. The boundary conditions (16) arising from the use of
(14) can be satisfied at the free ends only if the area is zero. Since {3 is constant, the solution
is trivial. It is easy to demonstrate that there is no maximum frequency in these two cases.
Consider a set of mass distri butions, {J, for a cantilever beam made up of a delta sequence,
positive and non-increasing in 0 ~ x < 1, and zero at x = 1. In the limit this sequence of
shapes which satisfies the boundary condition approaches a delta function at the origin.
From (3) the fundamental frequency approaches the ratio

[W"(O)F/[W(Olf·

This is unbounded and one can conclude that the frequency of a cantilever can be made as
large as possible. It is also possible to construct a cantilever with a fundamental frequency
lower than a uniform beam's frequency. Thus {3 = constant furnishes neither a maximum
or a minimum in these cases. A similar demonstration can be made for a free-free beam.
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A6cTpaKT-OnnIMaJ1lnHfYIDTCSI OaJlKI1 6epHy.~nH-3H!lepa nepeMeHHOrO ce'teHI1S1 OTHOCltTenbHO 'IX

OCHOBHOH 'taCTOTbl nOnepe'tH~IX KoneoaHlHl. nOnepe'tHOe ce'teHl1e 'l1MeHlleTCSI faKI1M)I(e nyTeM. 'ITO

BTOpOH "\\OMeHT Ce'teH>lSI SlBJlSleTCSI .1HHeHHOH 1aBI1CI1MOCTbfO nOBepXHOCTI1 Ce'teHI1S1. ~1cnOnb1YSI Bapl1aU

110HHOe I1C'tI1C,leHHe. onpene.1S1eTCSI OCHOBHaSl 'laCTlJTa Kal( CTaUI10HapHaSl. HaXOIlI1TCSI peWeHI1C. B

1aMKHyToM Bl1ne. llJlSl BCel! CI1CTe"\lbl OilHoponHblX rpaHI1'tHbiX YCJlOBI1H. B 60.1bWI1HCTBe C.ly'taeB pe1yn

bTl1pYIDwaSl 6aJlKa OKa1blBaCTCSI onHooOpa·!HOH. HCCMOTpSl Ha TO, 'iTO 'taCTOTa 'WSI HeKOTopblX c,'y'taeB

;IOCTl1raeT MHHHMyM. a nJlSl .J.pyrHx MaKcI1MyM. OKa1blBaeTCSI. 'ITO KOHCOflbHblX II CBo6oLlHbiX 6a.l0K

COBceM He cywecTByeT MaKcl1MyM OCHOBHOH 'iaCTOTbl, npll JTOM Tl1nC 111MCHCHI1S1 nonCre'tHoro Ce'iCHHSI.


